A node-based smoothed finite element method (NS-FEM) for solving solid mechanics problems using a mesh of general polygonal elements was recently proposed. In the NS-FEM, the system stiffness matrix is computed using the smoothed strains over the smoothing domains associated with nodes of element mesh, and a number of important properties have been found, such as the upper bound property and free from the volumetric locking. The examination was performed only for two-dimensional (2D) problems. In this paper, we (1) extend the NS-FEM to three-dimensional (3D) problems using tetrahedral elements (NS-FEM-T4), (2) reconfirm the upper bound and free from the volumetric locking properties for 3D problems, and (3) explore further other properties of NS-FEM for both 2D and 3D problems. In addition, our examinations will be thorough and performed fully using the error norms in both energy and displacement. The results in this work revealed that NS-FEM possesses two additional interesting properties that quite similar to the equilibrium FEM model such as: (1) super accuracy and superconvergence of stress solutions; (2) similar accuracy of displacement solutions compared to the standard FEM model.
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Introduction
In the development of new numerical methods, Liu et al. have applied and extended the strain smoothing technique used in the nodal integrated meshfree methods [Chen et al. (2001) ; Yoo et al. (2004) ] to formulate the linear conforming point interpolation method (LC-PIM or NS-PIM) [Liu et al. (2005) ] and the linearly conforming radial point interpolation method (LC-RPIM or NS-RPIM) [Liu et al. (2006) ]. Applying the same idea to the finite element method (FEM) settings, a cell-based smoothed finite element method (SFEM or CS-FEM) [Liu et al. (2007a [Liu et al. ( , b, 2009b ; Nguyen-Xuan et al. (2008a) ], an edge-based smoothed finite element method (ES-FEM) ], a face-based smoothed finite element method (FS-FEM) ], and a node-based smoothed finite element method (NS-FEM) ] have also been formulated.
In the CS-FEM, the domain discretization is still based on quadrilateral elements as in the FEM; however, the stiffness matrices are calculated based over smoothing domains (SD) located inside the quadrilateral elements as shown in Fig. 1 . When the number of SD of the elements equals 1, the CS-FEM solution has the same properties with those of FEM using reduced integration. When SD approaches infinity, the CS-FEM solution approaches the solution of the standard displacement compatible FEM model [Liu et al. (2007b) ]. In practical computation, using four SD for each quadrilateral element in the CS-FEM is easy to implement, work well in general and hence advised for all problems. The numerical solution of CS-FEM (SD = 4) : field nodes 
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is always stable, accurate, much better than that of FEM, and often very close to the exact solutions. The CS-FEM has been extended for general n-sided polygonal elements (nSFEM or nCS-FEM) ], dynamic analyses ], incompressible materials using selective integration ; Nguyen-Xuan et al. (2008b) ], plate and shell analyses [Cui et al. (2008) ; Nguyen-Thanh et al. (2008) ; Nguyen- Van et al. (2008) ; Nguyen-Xuan and NguyenThoi (2009); Nguyen-Xuan and Rabczuk et al. (2008c) ], and further extended for the extended finite element method (XFEM) to solve fracture mechanics problems in two-dimensional-continuum and plates [Bordas et al. (2009) ].
In the ES-FEM ], the problem domain is also discretized using triangular elements as in the FEM; however, the stiffness matrices are calculated based on SD associated with the edges of the triangles. For triangular elements, the SD Ω (k) associated with the edge k is created by connecting two endpoints of the edge to the centroids of the adjacent elements as shown in Fig. 2 . The numerical results of ES-FEM using examples of static, free and forced vibration analyses of solids ] demonstrated the following excellent properties: (1) ES-FEM is often found super-convergent and much more accurate than FEM using triangular elements (FEM-T3) and even more accurate than FEM using quadrilateral elements (FEM-Q4) with the same sets of nodes; (2) there are no spurious nonzeros energy modes and hence ES-FEM is both spatial and temporal stable and works well for vibration analysis; (3) no additional degree of freedom is used; (4) a novel domain-based selective scheme is proposed leading to a combined ES/NS-FEM model that is immune from volumetric locking and hence works very well for nearly incompressible materials. The ES-FEM has been developed for general n-sided polygonal elements (nES-FEM) ], 
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2D piezoelectric [Nguyen-Xuan et al. (2009a) ], 2D visco-elastoplastic [Nguyen-Thoi et al. (2009d) ], plate ], primal-dual shakedown analyses [Tran et al. (2009)] and further extended to three-dimensional (3D) problems to give the so-called face-based smoothed finite element method (FS-FEM) Nguyen-Thoi et al. (2009e) ].
In the NS-FEM, the domain discretization is also based on elements as in the FEM; however, the stiffness matrices are calculated based on SD associated with nodes. The NS-FEM works well for triangular elements, and can be applied easily to general n-sided polygonal elements ] for 2D problems and tetrahedral elements for 3D problems. For n-sided polygonal elements ], SD Ω (k) associated with the node k is created by connecting sequentially the mid-edge-point to the central points of the surrounding n-sided polygonal elements of the node k as shown in Fig. 3 . When only linear triangular or tetrahedral elements are used, the NS-FEM produces the same results as the method proposed by [Dohrmann et al. (2000) ] or to the NS-PIM (or LC-PIM) [Liu et al. (2005) ] using linear interpolation. The NS-FEM ] has been found immune naturally from volumetric locking and possesses the upper bound property in strain energy as presented in Liu and Zhang [2008] . Hence, by combining the NS-FEM and FEM with a scale factor α ∈ [0, 1], a new method named as the alpha Finite Element Method (αFEM) ] is proposed to obtain nearly exact solutions in strain energy using triangular and tetrahedral elements. The NS-FEM has been also developed for adaptive analysis ]. However, in the original paper of NS-FEM ], the properties of the method have not yet been fully exploited. We just considered the upper bound : central point of n-sided polygonal elements : mid-edge point : field node Fig. 3 . n-sided polygonal elements and the smoothing domains Ω (k) (shaded areas) associated with node k.
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property in the strain energy and natural immunization from the volumetric locking of the NS-FEM without studying the error and convergence rate of method. In addition, the numerical examples were only applied for 2D problems. In this paper, we therefore further research the additional properties of NS-FEM using triangular elements (NS-FEM-T3) for 2D problems and tetrahedral elements (NS-FEM-T4) for 3D problems by considering fully the error norms in both energy and displacement. The results in this work revealed that NS-FEM possesses two additional interesting properties that quite similar to the equilibrium FEM model [Fraeijs De Veubeke (2001) ] such as: (1) super accuracy and super-convergence of stress solutions; (2) similar accuracy of displacement solutions compared to the standard FEM model. The discrete equations of the FEM are generated from the Galerkin weakform and the integration is performed on the basis of element as follows
where b is the vector of external body forces, D is a symmetric positive definite (SPD) matrix of material constants,t is the prescribed traction vector on the natural boundary Γ t , u is trial functions, δu is test functions, and ∇ s u is the symmetric gradient of the displacement field. The problem domain Ω is now discretized into N e of nonoverlapping and nongap elements such that Ω = 
where N n is the total number of the nodes of the problem domain; d I is the nodal displacement vector of Ith node, and N I (x) is the shape function matrix at Ith node. By substituting the approximations, u h and δu h , into the weakform and invoking the arbitrariness of virtual nodal displacements, Eq. (1) yields the standard discretized algebraic system of equations:
where K FEM is the global stiffness matrix, f is the force vector, that are assembled with entries of
with the compatible strain-displacement matrix defined as
Using the triangular/tetrahedral elements with the linear shape functions, the compatible strain-displacement matrix B I (x) contains only constant entries. Equation (4) then becomes
where S 
The NS-FEM based on triangular elements (NS-FEM-T3) for 2D problems
The NS-FEM for 2D problems works for polygonal elements of arbitrary sides ]. Here we brief only the formulation for triangular element (NS-FEM-T3). Similar to the FEM, the NS-FEM also uses a mesh of elements. When threenode triangular elements are used, the shape functions used in the NS-FEM-T3 are also identical to those in the FEM-T3, and hence the displacement field in the NS-FEM-T3 is also ensured to be continuous on the whole problem domain. However, being different from the FEM-T3 which performs the integration required in Eq. (1) on the elements, NS-FEM-T3 performs the integration based on the nodes, and strain smoothing technique [Chen et al. (2001) ] is used. In such a nodal integration process, the problem domain Ω is divided into N n SD Ω (k) associated with nodes
For triangular elements, the SD Ω (k) associated with the node k is created by connecting sequentially the mid-edge-points to the centroids of the surrounding triangular elements of the node k as shown in Fig. 4 . As a result, each triangular element will be subdivided into three quadrilateral sub-domains and each quadrilateral sub-domain is attached with the nearest field node. The SD Ω (k) associated with the node k is then created by combination of each nearest quadrilateral sub-domain of all elements surrounding the node k. Using the node-based smoothing operation to smooth the compatible strain ε h = ∇ s u h on the SD Ω (k) associated with node k, the strain in Eq.
(1) now becomes the smoothed strainε k on Ω (k) : where Φ k (x) is a given smoothing function that satisfies at least unity property
Using the following constant smoothing function
where
Substituting Eqs. (2) and (10) into Eq. (8), the smoothed strain on the SD Ω (k) associated with node k can be written in the following matrix form of nodal
n is the number of nodes that are directly connected to node k andB I (x k ) is termed as the smoothed strain-displacement matrix on the SD Ω (k) . As presented in the original paper of NS-FEM ], there are two ways to compute the matrixB I (x k ). In the first general way, the integration along the boundary of SD and the values of shape functions are directly used, which works for general n-sided polygonal elements including linear triangular elements. In the second particular way, the smoothed strain-displacement matrix is the area-weighted average of the compatible strain-displacement matrices of elements associated with the computed node, which works only for linear triangular elements. In this paper, we use the second simple way only for three-node triangular elements as follows
is the number of elements around node k; A
is the area of the jth triangular element around node k; A (k) is the area of the SD Ω (k) associated with node k and computed using
In Eq. (12) The stiffness matrixK of the system is then assembled by a similar process as in the FEMK
IJ is the stiffness matrix associated with node k and is calculated bȳ
The NS-FEM based on tetrahedral elements (NS-FEM-T4) for 3D problems
The above formulation is quite straightforward to extend for 3D problems using four-node tetrahedral elements (T4) ]. The smoothed straindisplacement matrixB I (x k ) for the NS-FEM-T4 is assembled usinḡ
is the volume of the jth tetrahedral element around the node k; V (k) is the volume of the SD Ω (k) associated with node k, and is computed using
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In Eq. (16), matrix B e j = I∈S e j B I is the compatible strain-displacement matrix for the jth tetrahedral element around the node k. It is assembled from the compatible strain-displacement matrices B I (x) of nodes by Eq. (6) in the set S e j which contains four nodes of the jth tetrahedral element.
With such the formulation, only the area/volume and the usual compatible strain-displacement matrices B e j of triangular/tetrahedral elements are needed to calculate the system stiffness matrix for the NS-FEM-T3/NS-FEM-T4. The formulation is simple, but works only for triangular/tetrahedral types of elements that use linear interpolation.
A brief of properties of the NS-FEM
The following properties of the NS-FEM were presented by Liu et al. [2009c] . In this paper, we only remind the main points.
Property 1. The NS-FEM can be derived straightforwardly from the modified Hellinger-Reissner variational principle, with the smoothed strain vectorε k and displacements u h (x) as independent field variables, to give the stiffness matrix associated with nodesK
IJ in the form of Eqs. (14) and (15). The method is therefore variationally consistent.
Property 2. The strain energy E(d) obtained from the NS-FEM solution has the following relationship with the exact strain energy:
where d is the numerical solution of the NS-FEM, and d 0 is the exact displacement sampled using the exact displacement field u 0 .
Property 3. The NS-FEM possesses only "legal" zero energy modes that represents the rigid motions, and there exists no spurious zero energy mode.
Property 4. The NS-FEM is immune naturally from the volumetric locking.
Error Norms in Displacement and Energy
In the original paper of NS-FEM ], the properties of the method have not yet been fully exploited. In , we just considered the upper bound property in the strain energy and natural immunization from the volumetric locking of the NS-FEM without studying the error and convergence rate of method. In addition, the numerical examples were only applied for 2D problems. In next section, we (1) extend the NS-FEM to 3D problems using tetrahedral elements (NS-FEM-T4), (2) reconfirm the upper bound and free from the volumetric locking properties for 3D problems, and (3) explore further other properties of NS-FEM for both 2D and 3D problems by considering fully the error norms in both energy and displacement.
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To demonstrate clearly the properties of the NS-FEM, we will compare the results of NS-FEM with those of some existing methods. For 2D problems, the results of the NS-FEM using three-node triangular elements (NS-FEM-T3) will be compared with those of the standard FEM using quadrilateral elements (FEM-Q4), triangular elements (FEM-T3), and the edge-based smoothed FEM using threenode triangular elements (ES-FEM-T3) ]. The results of the NS-FEM using tetrahedral elements (NS-FEM-T4) will be compared with those of the standard displacement FEM using four-node tetrahedral elements (FEM-T4), eightnode hexahedral elements (FEM-H8), and the face-based smoothed FEM using four-node tetrahedral elements (FS-FEM-T4) ].
Displacement norm
Let u be the numerical solution for displacement obtained using any numerical method. For example, for the FEM, u = u h , for the S-FEM models (NS-FEM, ES-FEM, and FS-FEM), u =ū, then the displacement norm used in this paper is defined as
where u is the exact or analytical solution for the displacement.
Energy norm
Let ε be the numerical solution for strains obtained using any numerical method. For example, for the FEM, ε = ε h , for the S-FEM models (NS-FEM, ES-FEM, and FS-FEM), ε =ε, then the energy norm is defined by
where ε is the exact or analytical solution for the strain. In order to evaluate the integrals in Eqs. (19) and (20) accurately, the mapping procedure using Gauss integration rule is performed on each element Ω e i . In each element, a proper number of Gauss points depending on the order of the integrand will be used. For example in Eq. (20), when a quadrilateral mesh of FEM-Q4 elements are used, and if the analytical strain ε is of order of 2 leading to a fourth-order integrand, a set of 3 × 3 Gauss points are then used for each element.
Recovery strain fields for smoothed FEM models (S-FEM)
In the S-FEM models (NS-FEM, ES-FEM, and FS-FEM), the strain obtained within an element is piecewise constants and discontinuous at the boundaries of smoothing
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domains located inside elements. Therefore, it is necessary to create a continuous strain field within each element for easy evaluation of the integrals in Eq. (20) . In this paper, we construct a "recovery" strain field denoted asε R by combining the strain valuesε at the nodes of the element and shape functions of the standard FEM. Such a recovery strain fieldε R is not only continuous inside the element, but also on the whole problem domain, and will be used as the final numerical strain field for the S-FEM models, and in the error estimation by Eq. (20).
For the S-FEM models using triangular, quadrilateral, and tetrahedral elements, ε R is obtained for each element usinḡ
where n e n is the number of the nodes of each element,ε(x j ) is the strain at the nodes x j of the element obtained using the S-FEM models; and N j (x) is the matrix of shape functions of the corresponding elements used in the standard FEM. Specifically, for the triangular elements, the three-node linear shape function is used. For tetrahedral elements, the four-node linear shape function is used. For the quadrilateral elements, the bilinear shape function is used.
Evaluation of strains at nodes in the S-FEM models
In the numerical implementation of the S-FEM models, except the NS-FEM which produces directly the strain values at nodes, the strains at the node j will be the (area-weighted) averaged value of the "raw" strains of the SD Ω (k) around node j, and are computed numerically bȳ
where n j s is the number of SD Ω (k) around node j; A
are, respectively, the total area and volume of all SD Ω (k) around the node j;ε k is the smoothing strain of the SD Ω (k) ; and A (k) and V (k) are, respectively, the area and volume of the SD Ω (k) . Figure 5 shows, for example, used to compute strain of the nodes in the ES-FEM-T3 using three-node triangular elements.
Recovery strain/stress fields for FEM models
For FEM models, the compatible strains in the elements are already continuous, Eq. (20) hence can be evaluated directly without using a recovery strain field. In addition, using such compatible strains in Eq. (20), the theoretical convergence rates of the standard FEM can be illustrated clearly in figures and are the good bases to evaluate the accuracy and efficiency of others compared numerical methods. Specifically, for the standard lower-order elements such as FEM-T3, FEM-Q4, FEM-T4, and FEM-H8, the theoretical convergence rates of displacement norm and energy norm are, respectively, 2 and 1. In this paper, in addition to using the compatible strain for the standard FEM, we also use the recovery strain ε h R for the FEM models (FEM-T3-Re, FEM-Q4-Re, FEM-T4-Re, and FEM-H8-Re) to be able to conduct "fairest" possible comparisons between the S-FEM and FEM models. It is because the recovery strain solutions are much more accurate for FEM models, and have the supper-convergence property [Zienkiewicz and Zhu (1992a, b) ]. The recovery strain solution ε h R is obtained using
It is clear that Eq. (23) is exactly the same as Eq. (21), except that ε h (x j ) is the strain at the nodes x j of the element obtained using the FEM model. For triangular and tetrahedral elements (FEM-T3-Re and FEM-T4-Re), the strain ε h (x j ) at the node x j is the area-weighted average of the strains of elements surrounding the node x j [Zienkiewicz and Zhu (1992a, b) ]. For the quadrilateral and hexahedral elements (FEM-Q4-Re, FEM-H8-Re), the strain ε h (x j ) at the node x j is computed by the
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following three-step procedure [Felippa (2009) 
(1) Evaluate the strains at the Gauss points in the element.
(2) Extrapolate the strains at Gauss points to the nodes of the element.
(3) Average the strains computed for the same field node from the adjacent elements.
Characteristic length
To evaluate the convergence rates of the displacement and energy norms, it is necessary to define the "characteristic length" of the sides of the elements. In this paper, because the elements used in a mesh are different in dimensions and of irregular shape, the average length h of sides of elements is considered to be the characteristic length. For the quadrilateral elements, h is evaluated by
where A Ω is the area of the whole problem domain. For the triangular elements, h is evaluated by
For the tetrahedral elements, h is evaluated by
and for the hexahedral elements (just used for FEM-H8), h is evaluated by
where V Ω is the volume of the whole problem domain.
Numerical Examples
A rectangular cantilever loaded at the end
A rectangular cantilever with a length L and height D is studied as a benchmark problem here. The cantilever is subjected to a parabolic traction at the free end as shown in Fig. 6 . The beam is assumed to have a unit thickness so that plane stress condition is valid. The analytical solution is available and can be found in a textbook [Timoshenko and Goodier (1970) ]. where the moment of inertia I for a beam with rectangular cross section and unit thickness is given by I = D   3 12 . The stresses corresponding to the displacements Eq. (28) are
The related parameters are taken as E = 3.0 × 10 7 N/m 2 , ν = 0.3, D = 12 m, L = 48 m and P = 1000 N. The domain of the beam is discretized into two types of meshes using two different elements: three-node triangular and four-node quadrilateral elements are shown in Fig. 7 . The exact strain energy of the problem is known as 4.4747 Nm.
The numerical results of strain energy are presented in Table 1 , and plotted in Fig. 8 against the degrees of freedom, revealing the convergence of the solution of all models used. It can be found that the NS-FEM-T3 gives upper bound solutions in the strain energy, i.e. the strain energies of the NS-FEM-T3 are always bigger than the exact one and converge to it with the increase of degrees of freedom. In contrast, the FEM-Q4 and FEM-T3 produce the lower bound solutions in the strain energy. These results imply that we now have a very simple procedure to determine upper and lower bounds in strain energy of the exact solution, by using the NS-FEM together the FEM using the same meshes. Table 2 and Fig. 9 compare the solution error in displacement norm obtained using the NS-FEM-T3, together with those of the FEM-T3, FEM-Q4, and ES-FEM-T3. It is seen that the ES-FEM-T3 stands out clearly. The error of displacement norm of the ES-FEM-T3 is the smallest among all the compared models. When the finest mesh (h = 1 m) is used, the error of the ES-FEM-T3 is about 1/5 of the FEM-T3 and 3/4 of the FEM-Q4. The error of the NS-FEM-T3 is about 3/5 of the FEM-T3. In terms of convergence rate, the super-convergence is observed for the ES-FEM-T3 with a rate of 3.3 that is even much higher than the theoretical value of 2.0 for linear displacement models based on the weak formulation. The convergence rates of others methods, except the FEM-T3, are approximated to the theoretical value of 2.0 for linear displacement models. Table 3 and Fig. 10 compare the results of energy norm of the NS-FEM-T3, together with those of the FEM and ES-FEM-T3. It is seen that the NS-FEM-T3 stands out clearly. When the finest mesh (h = 1 m) is used, the error of the NS-FEM-T3 solution is about 1/8 of the FEM-T3, 1/3 of the FEM-Q4 and even better than the FEM-Q4-Re. In terms of convergence rate, all the S-FEM models performed much better than the standard FEM models, and all significantly above 1.0 that is the theoretical value of the weak formulation. This shows that the S-FEM models are super-convergent. NS-FEM-T3 has a rate of 1.2: a quite strong super-convergence.
Additional Properties of NS-FEM for Solid Mechanics Problems 647
T. Nguyen-Thoi, G. R. Liu & H. Nguyen-Xuan
Additional Properties of NS-FEM for Solid Mechanics Problems 649
From this example, we also note that the NS-FEM-T3 possesses three interesting properties similar to those of an equilibrium FEM model [Almeida Pereira (2008) ; Debongnie et al. (1995) ; Fraeijs De Veubeke (2001)]: (1) the strain energy is an upper bound of the exact solution; (2) the stress solutions are ultra-accurate and super-convergent; and (3) the displacement solutions are not so significantly more accurate but are still better than that of FEM-T3. Figure 11 represents a plate with a central circular hole of radius a = 1 m, subjected to a unidirectional tensile load of 1.0 N/m at infinity in the x-direction. Due to its symmetry, only the upper right quadrant of the plate is modeled. Figure 12 gives the discretization of the domain using three-node triangular and four-node quadrilateral elements. Plane strain condition is considered and E = 1. 
Infinite plate with a circular hole
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[ Timoshenko and Goodier (1970) ] 
where µ = E/(2(1 + ν)), κ is defined in terms of Poisson's ratio by κ = 3 − 4ν for plane strain cases. The exact strain energy of the problem is known as 1.1817 × 10 −2 Nm.
The numerical results of strain energy have been presented in Table 4 and plotted in Fig. 13 against the degrees of freedom, revealing the convergence of the solution of all models used. It again shows the upper bound property in the strain energy of the NS-FEM-T3, together with the lower bound property of the FEM-Q4 and FEM-T3. Table 5 and Fig. 14 compare the results of displacement norm of the NS-FEM-T3 with those of the FEM and ES-FEM-T3. It is again seen that the ES-FEM-T3 stands out clearly. The error of displacement norm of the ES-FEM-T3 is the smallest among all the compared models. When the finest mesh (h = 0.1969m) is used, the error of the ES-FEM-T3 is about 1/5 of the FEM-T3, 3/4 of the FEM-Q4. The NS-FEM-T3 performed better than the FEM-T3, but only by a small margin. In terms of convergence rate, except the FEM-T3, other models have a numerical rate slightly larger than the theoretical value of 2.0. Table 6 and Fig. 15 compare the results of energy norm of the NS-FEM-T3 with those of the FEM and ES-FEM-T3. It is again seen that the NS-FEM-T3 stands out clearly. When the finest mesh (h = 0.1969 m) is used, the error of the NS-FEM-T3 is about 1/9 of the FEM-T3, 1/5 of the FEM-Q4, 1/3.5 of the FEM-T3-Re, and even 1/2 of the FEM-Q4-Re. In terms of convergence rate, all the S-FEM models performed much better than the FEM models, and all close to 2.0 and significantly above 1.0 that is the theoretical value of the weak formulation. This again shows that the S-FEM models are super-convergent. The NS-FEM-T3 stands out clearly with a rate of 1.97: a very strong super-convergence.
In overall, it is again seen that NS-FEM models possess four interesting properties of an equilibrium FEM model [Almeida Pereira (2008) ; Debongnie et al. (1995) exact solution; (2) it is immune naturally from the volumetric locking ]; (3) the stress solutions are ultra-accurate and super-convergent; and (4) the displacement solutions are at the same level as those of FEM-T3 using the same distribution of nodes.
3D Lame problem (hollow sphere problem)
The 3D Lame problem consist of a hollow sphere with inner radius a =1 m, outer radius b = 2 m and subjected to internal pressure P = 100 N/m 2 , as shown in coordinate system [Timoshenko and Goodier (1970) ]
where r is the radial distance from the centroid to the point of interest of the sphere.
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As the problem is spherically symmetrical, only one-eighth of the sphere shown in Fig. 16 is modeled, and the symmetry conditions are imposed on the three cutting symmetric planes. The material parameters of the problem are E = 10 3 N/m 2 and v = 0.3. From Fig. 17 , it is observed that all the computed displacements and stresses of the NS-FEM-T4 agree well with the analytical solutions. Table 7 show the upper bound property in the strain energy of the NS-FEM-T4, while the FEM-T4 and FEM-H8 give the lower bounds. Table 8 and Fig. 19 compare the solution error in displacement norm obtained using the NS-FEM-T4, together with those of the FEM-T4, FEM-H8 and FS-FEM-T4. It is seen that the FEM-H8, stands out clearly. When the third fine mesh for both T4 and H8 (h ≈ 0.156) is used, the error of the FEM-H8 is about 1/3 of the NS-FEM-T4. The NS-FEM-T4 performed better than the FEM-T4, but only by a small margin. In terms of convergence rate, all the models have a numerical rate of around the theoretical value of 2.0. Table 9 and Fig. 20 compare the results of energy norm of the NS-FEM-T4, together with those of the FEM-T4, FEM-H8, and FS-FEM-T4. It is again seen that the NS-FEM-T4 stand out clearly. When the third fine mesh for both T4 and H8 (h ≈ 0.156) is used, the error of the NS-FEM-T4 is about 2/7 of the FEM-T4, 2/5 of the FEM-H8, 1/2 of the FEM-T4-Re, 1/2 of the FEM-H8-Re, and 3/5 of the FS-FEM-T4. In terms of convergence rate, the NS-FEM-T4 stands out clearly with a rate of 1.34, while the rates of both FEM-T4 and FEM-H8 are slightly below the theoretical value of 1.0. Figure 21 plots the error in displacement norm against Poisson's ratio changing from 0.4 to 0.4999999 by using tetrahedral elements (507 nodes). The results show that the NS-FEM-T4 is naturally immune from the volumetric locking, while the FEM-T4 is subjected to the volumetric locking resulting in a drastic accuracy lose in the numerical solutions.
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In overall, it is again seen that the NS-FEM-T4 model also possesses four interesting properties that are similar to an equilibrium FEM model: (1) the strain energy is an upper bound of the exact solution; (2) it is immune naturally from the volumetric locking; (3) the stress solutions are ultra-accurate and super-convergent; and (4) the displacement solutions are at the same level as that of FEM-T4 using the same mesh.
3D cubic cantilever: An analysis about the upper bound property
Consider a 3D cantilever of cubic shape, subjected to a uniform pressure on its upper face as shown in Fig. 22 . The exact solution of the problem is unknown. By incorporating the solutions of hexahedral super-element elements and the procedure of Richardson's extrapolation, Almeida Pereira [2008] gave an approximation of the exact strain energy to be 0.950930. In addition, using standard FEM and a very fine mesh with 30,204 nodes and 20,675 ten-node tetrahedron elements, another reference solution of the strain energy is 0.9486. From this reference, the deflection at point A (1.0, 1.0, −0.5) is 3.3912. Note that for this problem, a discretization using eight-node hexahedral elements (H8) is impossible due to the complicated geometry of the problem. Therefore, we just use NS-FEM-T4, FEM-T4, and FS-FEM-T4 using four-node tetrahedral elements (T4) to compute this problem.
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As no analytical solution is available for this problem, a reference solution is obtained using the FEM-T4 with a very fine mesh including 17,761 nodes (53,283 DOFs) and 82,991 elements. Figure 26 shows the distribution of von-Mises stress using NS-FEM-T4 with 18,504 DOFs compared with that using FEM-T4 with 53,283 DOFs. Although DOFs of NS-FEM-T4 are much smaller than that of FEM-T4, the color-bar of NS-FEM-T4 has higher max level than that of FEM-T4. This implied that the stress distribution of NS-FEM-T4 is sharper and concentrated than that of FEM-T4. This result again confirms the super accuracy of stress solution of NS-FEM. Table 12 and Fig. 27 again confirm the upper bound property on the strain energy of the NS-FEM-T4 and the lower bound property of the FEM-T4 for this 3D problem.
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Conclusion
Apart from the upper bound property in the strain energy and natural immunization from the volumetric locking presented in the original paper of NS-FEM ], in this paper, we (1) extend the NS-FEM to 3D problems using tetrahedral elements (NS-FEM-T4), (2) reconfirm the upper bound and free from the volumetric locking properties for 3D problems, and (3) explore further other properties of 664 T. Nguyen-Thoi, G. R. Liu & H. Nguyen-Xuan NS-FEM for both 2D and 3D problems by considering fully the error norms in both energy and displacement. The results in the paper show that NS-FEM possesses two other interesting properties of an equilibrium FEM model such as: (1) ultra-accuracy and super-convergence of stress solutions; (2) the same accuracy of displacement solutions as that of the standard FEM using the same mesh.
With first additional property: ultra-accuracy and super-convergence of stress solutions studied in this paper, NS-FEM now has very promising abilities to further apply effectively in many applications: (1) NS-FEM can immune naturally from volumetric locking for nearly incompressible materials and can be applied effectively to solve the nonlinear problems which require the high accuracy of stress solutions at nodes; (2) Together with the standard FEM, NS-FEM now can bound the numerical solutions from both upper and lower bounds; (3) The recovery stress (or strain) field used in NS-FEM can be used as a representation of exact stress (or strain) field in the adaptive analysis or error estimations ]; (4) In particular, NS-FEM can use the three-node linear triangular element for 2D problems and four-node linear tetrahedral element for 3D problems which can be generated automatically for 2D and 3D complicated geometries and (5) The numerical implementation of NS-FEM is straightforward and much simpler than that of equilibrium FEM models.
